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Abstract-Using the method of matched asymptotics with the slenderness ratio c as the expansion 
parameter, we derive the governing equations for the velocity of the centerline of a slender viscous 
vortex filament and the evolution of its vertical core structure. In the core, both the circumferential 
and axial velocity components relative to the centerline of the filament can be 0(1/c) and have axial 
variations in addition to the rapidly decaying radial variations. 
1. INTRODUCTION 
A comprehensive account of the asymptotic theory for slender vortices with diffusive cores was 
given recently by Ting and Klein [l]. In particular, the analysis of Callegari and Ting [2] and 
its physical meanings and restrictions are described in detail. In [2], both large circumferential 
and axial velocity components were admitted in the core structure. It was found that if one 
component is independent of the arc length s” along its centerline C the other component has to 
be independent of s’ also and a closed system of governing equations was derived in [2] for the 
motion of the filament centerline and the diffusion of its core structure independent of S. For 
the general case, i.e., with axial core structure variation, two compatibility conditions relating 
the two velocity components were derived in [l] without obtaining a closed system of equations. 
Here, we complete the asymptotic analysis and derive the closed system for the motion of the 
center line and the evolution of the core structure. We believe that this system is relevant to the 
study of both the axisymmetric and spiral modes of vortex breakdown. 
2. THE FORMULATION 
We consider an incompressible viscous flow induced by an initial vorticity distribution, con- 
centrated in a slender tube-like region, representing a slender vortex filament submerged in a 
background potential flow. The geometry of a filament is defined by its center line C and its 
effective core size 6(t, s) where t and s denote the time and a tangential parameter respectively. 
Here, we consider s to be the initial arc length along C. Since vortex lines cannot terminate 
inside a flow field, we consider the filament to be of finite length S(t) forming a loop. The para- 
metric representation of C, which is x = X(t,s), 0 5 s 5 Sc = S(O), has to fulfill the periodicity 
condition, 
X(t, s + So) = X(t, s). (1) 
We consider the typical radius of curvature of C and its length to be of the order of the normal 
length scale J and the reference core size 6’ to be the small length scale and define the slenderness 
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ratio 6/e as the small expansion parameter c, i.e., E = 6*/e << 1. To study the core structure, we 
introduce the intrinsic coordinates, r, 4, s, related to the Cartesian coordinates by 
x=X@,s) + r? with i = ficos4 + 3sin4, (2) 
where r denotes the distance from x to C, and fi and 6 denote the unit normal and binormal 
vectors of C at X. See Figure 1. We introduce an orthogonal coordinate system [l] by replacing 
the angle variable 4 by 0 = 4 - Bo(t, s), with &es = -UT, where Q and T denote the linear strain 
and torsion of C. Then, (r, 0, s) represent radial, circumferential and tangential orthogonal 
coordinates where +, 8 and f are the corresponding unit base vectors. Those vectors are related 
to the s-derivatives of X, in particular, X, = OF. The stretch ratios are given by hi = 1, hz = r 
and h3 = u[l - rcrcos(8 + es)], w h ere ~(t, s) is the curvature of C. The velocity v in an inertial 
coordinate system is related to the relative velocity V in the frame moving with C by 
v(t,x) = qt, s) + V(t, P, s, e>. (3) 
We denote the radial, circumferential and axial components of V by U, 21, and w, respectively, 
and relate X to v on C by 
fi[(X--v)4] + @k--v)+ui+&O and X.+=0. 
Thus, C remains a material line while w can be nonzero on C. 
(4 
Figure 1. A slender vortex filament and an enlarged segment in the neighborhood of 
a point P on the centerline C at instant t. 
TO express the fact that the vorticity field, fl(t, x), is concentrated around C with core size 
o(ce), we introduce the stretched radial variable, P = T/E, and consider the vorticity field to be 
decaying exponentially in r, i.e., Cl(t, F, s, 0) = o(T-~) for all m. We define the outer region by 
P = O(1) and the inner region by P = O(1) as c + 0, and then the strength of the filament, or 
circulation I, by the area integral of the axial vorticity component C = R . f, co 
JJ 
2r 
r= C(t,r,s,eperdrf2. (5) 
0 0 
In the outer region, the flow field remains irrotational and the filament becomes a vortex line 
with a constant circulation I’, i.e., independent oft and s. The velocity field Q, induced by the 
vortex line, is defined by the Biot-Savart formula and its singular behavior as x -+ X(t, s) while 
T --) 0 is [1, pp. 52-551, 
(6) 
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where Qf denotes the finite part of the Biot-Savart integral as T + 0, [l, p. 2081. The singular 
terms in the outer solution are removed by matching with the inner solution and in the process 
the velocity i of the filament is defined. 
The influence of viscosity in the filament core is measured by the Reynolds number Re = I’/Y. 
We consider I’ to be order one, i.e., I’/(ue) = O(1) w h ere U is the typical speed in the outer 
region. We assume that Re = O(E’) which implies that viscous diffusion of the core structure 
occurs on the time scale of the outer flow, t - l/U. This is also the time scale for the motion of 
the centerline, C, except for logarithmic corrections in c, [2]. Note that we scale the density to 
be unity. 
We now formulate the asymptotic expansions of the solutions in two length scales and in one 
time scale, o(e/~!Y). In the outer region, the vorticity R vanishes to all orders of 6 while the 
velocities, v and k, and the pressure deviation from the ambient value, p, are order one. In the 
inner region, the pressure deviation p and the vorticity have to be O(c-*), the the circumferen- 
tial velocity component v has to be 0(6-l), the axial component w can be 0(6-l), the radial 
component u and the filament velocity k remain O(1). These order of magnitude statements are 
needed to sustain the vertical structure of the filament and to match with the outer solutions. 
Hence, we assume the inner solutions have expansions in powers of c in the form: 
f(t, r, e, s, E) = E-j [f(O) + ,f(l) + . . . I, (7) 
where j equals 2 when f stands for p or R and equals 1 for v, w or u with u(O) = 0. We call 
f(“)(t, F, 8, s), the nth order solution, with the understanding that the dependence on In E has 
been suppressed. The zeroth order is called the leading order. The position vector of C has an 
expansion in the form 
X(t, s, t) = X@)(t, s) + eXQ)(t, s) + . . . , (8) 
which in turn defines the expansions for its velocity x and geometric parameters, u, IE, etc. 
Now we are ready to derive the governing equations for the leading order core structure and the 
velocity of C. 
3. THE GOVERNING EQUATIONS 
We substitute the expansions (7) and (8) into the incompressible Navier-Stokes (N-S) equations 
in the curvilinear coordinates (s, r, 0) and equate the coefficients of like powers of E. We do the 
same for the boundary conditions on C where P = 0 and the matching conditions with the outer 
solutions as r -+ 00 and r -+ 0. Since the leading order core structure differs from that in [2] only 
in its dependence on s, the boundary conditions and the matching conditions remain the same 
as those in [1,2]. We shall only explain the derivation of a closed system of governing differential 
equations from the N-S equations. 
From the leading order continuity equation and the radial and circumferential components of 
the momentum equation, we conclude that the core structure has to be axisymmetric, i.e., 
i) v(O), w(O), ~(“1 are independent of B with p(O) related to v(O) by pp’ = [v(“)]“/F. But v(‘) 
and w(~) are unknown functions oft, F, s to be determined by the compatibility conditions 
on the higher order equations. 
The higher order equations are linear equations for the higher order solutions, therefore, we 
can represent the solutions by Fourier series in B or r$ and obtain the equations for their Fourier 
coefficients. We denote the symmetric and asymmetric parts by the subscripts c and a, respec- 
tively. The e-averages of these equations yield the equations for the symmetric parts and the 
differences of the equations from their d-averages become the equations for the asymmetric parts. 
For example, the symmetric and asymmetric first order continuity equation are, 
u(‘)(Tu<‘)),~ + Pw$‘) = 0 and (vir))~ + (~u(‘))~ = r(vrcsinc5)(‘). (9) 
Note that in the leading and first order equations, a, does not appear, hence, t can be treated 
as a parameter. The symmetric and asymmetric parts of the first order equations given in 
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[I, PP. 84-W P rior to the introduction of of an s-independent leading order core structure remain 
valid. The asymmetric equations, the boundary conditions at f = 0 and the matching conditions 
yield [l, pp. 88-901, 
(1) (1) ii) the asymmetric solutions, v, , wa and pi” have only a cos$ term and I&” has only a 
sin c!~ term and their Fourier coefficients depend on v(O) and w(O). 
The velocity of the centerline is given by [l, (2.3.50) and (2.3.54)], 
jE(O) = fii(c) Qr . hi(O) + a@, l?K@) 1 4n In T + Qr . b(O) + rc(‘)C*, (10) 
where C’ which represents the global contribution of the core structure [l, (2.2.53)] is now a 
function oft and s. Thus, the velocity of the filament is coupled with the core structure. 
The symmetric continuity equation in (9) relates the scaled axial mass flux, M(O), and the 
B-averaged radial velocity, u!‘), via 
M(O)@, F, s) = 
J 
’ w(‘)$&’ = $f and u(O) @) = _&M(o). 
0 
(11) 
We use iI? instead of M(O), when we introduce the von Mises variables, i.e., replace the inde- 
pendent variables (t, F, a) by (t, I$, s). We define the s-derivative along a stream line, P = 
R(t, s, &f), at instant t by D, = 8, + R, 8, with R, = -MS”)/M$c) = q(“)u(l)/w(o). The 
first order circumferential and axial momentum equations yield one condition [l, (2.3.29)] for 
the leading order circulation, @O)(t, F, s) = FV(O), around a stream tube and another con- 
dition, [l, (2.3.30)], which can be reduced to an equation for the leading order total head, 
X(O) = p(O) + [(v’s’)2 + (w’“‘)2]/2, which is also the leading order total head in the moving 
frame, 31 = p + V2/2. These two compatibility conditions are 
Db(@O)) = 0, or &Y(O) = C(t, iii) and D,Td’)(t, R) = 0, or 7-1(O) = %(t, A?). (12) 
These conditions hold for any quasi-steady inviscid flow. Here, they are to be expected at leading 
order, since the unsteady and the viscosity terms begin to appear only at higher orders. Thus, 
we have 
iii) the leading order circulation G(O) around and the total head X(O) on a stream tube should 
remain constant along the tube. The temporal variations of @‘) and ‘I-&‘) are yet to be 
defined by the compatibility conditions for the symmetric second order equations using 
the periodicity condition (1) on s. 
Now we proceed to derive these two conditions in the same manner as in [1,2]. The symmetric 
part of the second order continuity equation is fulfilled by the introduction of the first order axial 
stream function M(l) with, 
JO) p @ + Jr) p $1 + f (li;CO,), . + = -MS’) and &cl) = Mp). (13) 
The symmetric second order circumferential momentum equation yields 
& @) (&‘)p + w(O) (@))S + &J) @ + 00) us)@’ + wil) @I 
=.l.i(P!“‘+r [6!p)_$]}. (14) 
Here, g(O) and G(l) are considered functions oft, i; and s. Using (ll), (12) and (13), we write the 
left-hand side of (14) as w(O)D, [G!” - Gg(,,, M(l)] - (p/2) &s’(k(o)), a+. Now we make use of the 
periodicity condition (l), integrate (14) along a stream line to eliminate the first order solutions 
on its left-hand side and arrive at an equation for the evolution of leading order circulation B(‘), 
(15) 
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with F = &!(t, s, A?). In order to identify the second compatibility condition as an evolution 
equation for the total head Y&O), ‘t 1 is clearer to derive the condition from the energy equation 
for an incompressible flow in the moving frame instead of the axial momentum equation. As 
expected the leading and first order energy equations yield 7fr) = 0 and the second equation 
in (12). The second order energy equation yields, 
JO) @) (‘Hi”), + w(o)(@))s + [&J)U~2) + &&@) + $1 x50) 
=U (0) _$J) + g) + c [$ (@-$) +$)(id”‘,,lJ. (16) 
The terms on the left-hand side are equal to those in (14) with g(O) and G(l) replaced by 31(O) 
and 7-f(l), respectively. Thus, we can likewise remove the first order solutions on the left-hand 
side of (16) and arrive at an evolution for X(O). It is 
(17) 
along a stream line, F = &t, s, M). Note that (15) and (17) reduce to (2.3.63) and (2.3.64) in [l] 
for w(O) and 2uc”) independent of s. Here they do depend on s, therefore, we prefer to work with G(O) 
and ‘F&O), which are independent of s in the von Mises variables, (t, M, s). We can replace G,‘“’ by 
& + C?~tit and the integral of the first term in (15) by & J a(‘)ds/w(‘) + ca J’ Mp)a(“)ds/w(o) 
and use (15) to evaluate &(t, ti). Likewise, (17) can be considered as an explicit equation for ‘Ht. 
Thus, 
iv) 
we have 
a closed system of equations for the motion of the center line of the filament and the 
evolution of the core structure. The equations are (lo), (15) and (17) coupled with the 
equations relating the circulation c, the total head 3, the pressure p(O) and the axial mass 
flux M(O) to the velocity components V(O) and w(O). 
1. 
2. 
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